This study is based on an analytical approach for nonlinear vibration of nonlinear evaluation equations which arises in shallow water waves. This approach is, coupled with variational iteration method and Laplace transformation, known as He-Laplace method. In order to show the capability of the proposed method, He's polynomials are employed to handle nonlinear terms in illustrated problems due to specific limit of Laplace transformation. Significant results and their graphical representations demonstrated that He-Laplace method is most suitable for nonlinear problems, and it is enormously active for nonlinear vibrations and nonlinear waves.
Introduction
Mathematical modeling of many physical system leads to nonlinear ordinary or partial differential equations (PDEs) in numerous fields of physics and engineering. [1] [2] [3] [4] It is well known that the investigation of the exact solutions of nonlinear PDEs plays an important role in the study of nonlinear physical phenomena. The Boussinesq equation appears in studying the transverse motion and nonlinearity in acoustic waves on elastic rods with circular cross section. This equation also arises in other physical applications such as nonlinear lattice waves, 5 iron sound waves in plasma, 6 and vibrations in a nonlinear string. 7 Kaya 8 investigated the explicit solution of generalized Boussinesq equation using Adomian decomposition scheme. Yu et al. 9 estimated multiple soliton solutions of the Boussinesq equation in the light of some suitable transformations. Wazwaz [10] [11] [12] [13] investigated different approaches for the solution of Boussinesq equation and showed reliable results to nonlinear evolution equation. Jawad 14 obtained exact solution for cubic Boussinesq and modified Boussinesq using tanh method, sech method, and sine-cosine method equations. Mousa and Kaltayev 15 constructed approximate and exact solutions for Boussinesq equations using homotopy perturbation Pade´technique.
The idea of variational iteration method was developed by He [16] [17] [18] and was introduced as a powerful tool in various kinds of nonlinear problems. 19, 20 Another efficient iterative technique was introduced to solve nonlinear differential equations, known as homotopy perturbation method. [21] [22] [23] [24] Recently, Khuri and Sayfy 25 developed a technique for the solution of differential equations applying Laplace variational iteration strategy and many researchers [26] [27] [28] [29] demonstrated the efficiency of this method with various kinds of ordinary and PDEs but all these techniques have some limitations.
In this paper, we are interested in applying He-Laplace method to obtain approximate, analytical, and exact solutions of the cubic Boussinesq and modified Boussinesq equations. The significant results show that He-Laplace method is suitable for nonlinear vibration in shallow water waves.
Basic idea of homotopy perturbation method
To illustrate the basic concept of homotopy perturbation method, consider the following nonlinear functional equation
with boundary conditions
where A is a general functional operator, B is a boundary operator, f(r) is a known analytic function, and C is the boundary of the domain X. The operator A can be generally divided into two operators, L and N, where L is a linear, while N is a nonlinear operator. Therefore, equation (1) can be written as follows
Using the homotopy technique, we construct a homotopy vðr; pÞ : X Â ½0; 1 ! R which satisfies
where p 2 ½0; 1 is called homotopy parameter, and u 0 is an initial approximation for the solution of equation (1), which satisfies the boundary conditions. According to HPM, we can use p as a small parameter, and assume that the solution of equation (5) can be written as a power series in p
Considering p ¼ 1, the approximate solution of equation (1) will be obtained as follows
Construction of He-Laplace method
In order to construct He-Laplace method, we may take the Laplace transform of equation (3) and obtain
Multiplying the above equation with Lagrange multiplier, say kðsÞ, we get kL½LðuÞ þ NðuÞ À fðrÞ ¼ 0 operating with Laplace transform kfL½LðuÞ þ L½NðuÞ À fðrÞg ¼ 0 therefore, the recurrence relation becomes
This recurrence relation is known as the Laplace variational method, taking the variation of equation (9) du nþ1 ðx; sÞ ¼ du n ðx; sÞ þ kdfL½Lðũ n Þ þ L½Nðũ n Þ À fðrÞg
To identify the value of Lagrange multiplier kðsÞ with the help of Laplace transform, we reveal thatũ n is a restricted variable, i.e. dũ n ¼ 0 and du nþ1 ðx; sÞ du n ðx; sÞ ¼ 0 Now, taking the inverse Laplace transform of equation (9) as follows
Finally, the homotopy perturbation method is implemented to investigate the approximate solution, obtained by substituting the calculated coefficients from equation (7).
Analysis of the method
In this section, He-Laplace method is applied for solving modified Boussinesq equation and cubic Boussinesq equation. The results show that He-Laplace method is very effective and valid for nonlinear evolution equations. Figures 1 and 3 show the behavior of illustrated problems, while Figures 2 and 4 show the error between exact solution and approximate solution.
Example 1 Consider modified Boussinesq equation
with initial conditions uðx; 0Þ ¼ ffiffi ffi 2 p sechðxÞ; u t ðx; oÞ ¼ ffiffi ffi 2 p sechðxÞtanhðxÞ (12) Figure 1 . Behavior of u(x, t) with À10 x 10 and À5 t 5.
Now taking the Laplace transform of equation (11)
According to He-Laplace method, the recurrence relation of equation (13) takes the form u nþ1 ðx; sÞ ¼ u n ðx; sÞ þ kðsÞL Now, taking the variation and applying Laplace transform on equation (14), we get du nþ1 ðx; sÞ ¼ du n ðx; sÞ þ kðsÞd s 2 u n ðx; sÞ À sũ n ðx; 0Þ Àũ n 0 ðx;
which implies du nþ1 ðx; sÞ ¼ du n ðx; sÞ þ s 2 kdu n ðx; sÞ this in turn gives
Notice thatũ n is a restricted variable, i.e. dũ n ¼ 0 and dũ nþ1 ðx; sÞ dũ n ðx; sÞ ¼ 0
Using the value of kðsÞ in equation (14) u nþ1 ðx; sÞ ¼ u n ðx; sÞ À 1
Now, taking inverse Laplace of equation (15) 
and applying He's polynomials
By comparing highest powers of p p 0 : u 0 ¼ u 0 ðx; tÞ þ t u 0t ðx; tÞ;
. . . (17) 
so, we get
u 0 ¼ ffiffi ffi 2 p sechðxÞ þ tð ffiffi
